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Suppose that the functioffx), f: R" — R, can be locally approximated by the following
guadratic form:

f(x)=c-bD(+%xDAD(

The basic idea of the variable metric algorithnboisuild up, iteratively, a good approximation
of the inverse Hessian matri”, i.e. to build up a sequence of matritgswith the following
property:

limHy,= At for i -0

Consider finding the minimum by using Newton’s no&thNear the current poirt we have the
following second order approximation:

9= f(x)* (=) 0 )+ 2 (¢ x) PR x)
Therefore:
Of()= 0 f(x )+ AlX-x)
From the minimum condition (i.e., the gradientés@ we get the next iteration point:
X-x=- A0 f(x)
or:

Xie1~ X = Hid 00 f(xi01) -0 f(x:))

Using the above mentioned approximation for thersg Hessian matrix it results:
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Xier= %= A0 f(x40) - 0 ()

The left-hand side of the above equation is théefistep to take in order to reach the exact
minimum. The right-hand side is defined once weehawn accuratéd. The variable metric
method is labeled also as a quasi-Newton methoausedt uses an approximation instead of the
actual Hessian matrix. The descent direction regdirto be a positive definite matrix. Far from
the minimum, this condition can be violated. ThagjtNewton method may be better than the
original Newton method because it approximates itlverse Hessian matrix using positive
definite matrices.

The Davidon-Fletcher-Powell algorithm updateskhmatrix as follows:

(X1 x) B (xs1-x)
(i1 X)) O (OF(xi0) - DO )

Hi+i= H;t

_LH O (i) - OFCxa )] O L H3 Of(xiea) - OF(x))]
(Of(xi+1) - Of(x ) CH i [Of(xi2) - ()

Where O denote the “outer” (or “direct”) product of two aters. The Broyden-Fletcher-
Goldfarb-Shanno algorithm updates thenatrix as follows:

(Xir1= %) O (X1~ X)) _
(Xie1~ %) O (Of(xi01) - Of(x))

Hisi= Hit

[Hi Of(xia) - Of(xi )] B[ Hi LOf(xia) - DF(xi )]
(Df( Xi+1) - Df( Xi )) [H; Eﬂ Df( Xi+1) - Df( Xi ))

+ [(DOf(xi1) - Of(x ) TH: Hf(xi00) - Of(x))] u D u

Where:

(Xi+1'Xi)

N e ) ()~ Of(x))

) Hi LOf(xi1) - Of(x:))
(Of( xis1) - Of(xi )) CH; [OF( xi40) - (i)
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