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ABSTRACT

The geometric Brownian motion model is widely use@xplain the stock price time series. The
following sections summarize its main features. Bhechastic model may be viewed as an
extension of the usual deterministic model for wahibe rate of return is viewed as a constant
value subjected to perturbations. We present th@hto and Stratonovich interpretations of the
resulting stochastic differential equation. Theapaeters estimation and model predictions
could be done using either interpretation; howether,same interpretation must be used for both
steps (i.e., parameters estimation and model preds).

INTRODUCTION

Bachelier (1900) seems to be the first to haveigemlyan analytical valuation for stock options.
His work is rather remarkable because by addregsiagproblem of option pricing, Bachelier
(1900) derived most of the theory of diffusion peses. The mathematical theory of Brownian
motion has been formulated by Bachelier (1900) fyears before Einstein’s classic paper
(Einstein 1905). Bachelier (1900) has formulatadnt la lettrethe Chapman-Kolmogorov
equation (von Smoluchowski 1906; Chapman 1916; Glaapl1917; Kolmogorov 1931), called
today the Chapman-Kolmogorov-Smoluchowski-Bacheamuration (Brown et al. 1995), and the
Fokker-Plank or Kolmogorov equation (von Smoluchkwk906; Fokker 1914; Fokker 1917,
Plank 1917; Kolmogorov 1931). Moreover, the fipsissage distribution function for the drift-
free case was provided by Bachelier (1900) befarier&@linger (1915), and the effect of an
absorbing barrier on Brownian motion was addresse@achelier (1900; 1901) prior to von
Smoluchowski (1915; 1916). For a detailed summamhese early results the reader is referred
to von Smoluchowski (1912;1916).

Jevons (1878) pointed out that the chaotic movenoénnicroscopic particles suspended in
liquids had been noted long before Brown (1827)lipbbd his careful observations; however, it
should be noted that Brown (1827) was the firsemaphasize its ubiquity and to exclude its
explanation as a biological phenomenon. A pregefmition of the Brownian motion involves a
measure on the path space that was first provigidgbbel (1909) and constituted the basis of the
formal theory of Wiener (1921a; 1921b; 1923).

Bachelier assumed stock price dynamics with a Bramwmotion without drift (resulting in a
normal distribution for the stock prices), and me-value of money. The formula provided
may be used to valuate a European style call opticater on, Kruizenga (1956) obtained the
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same results as Bachelier (1900). As pointed guMerton (1973) and Smith (1976), this
approach allows negative realizations for both Istaed option prices. Moreover, the option
price may exceed the price of its underlying asset.

Kendall (1953), Roberts (1959), Osborne (1959; 19%4d Samuelson (1965) modified the
Bachelier model (also known as the “arithmetic Bn@am motion” model) assuming that the
return rates, instead of the stock prices, folloBrawnian motion (also known as the “geometric
Brownian motion” model or the “economic Brownian toa” model). As a result of the
geometric Brownian motion the stock prices followlag-normal distribution, instead of a
normal distribution as assumed by Bachelier (190@prenkle (1961; 1964) took into account
risk aversion and the drift of the Brownian motiand based upon the log-normal distribution of
the stock prices, provided a new formula for theua@on of a European style call option that
rules out negative option prices. Boness (1964¢raved the model of Sprenkle by considering
the time value of money: the present value of aagation is the discounted value provided by
Sprenkle (1961) using the expected rate of retdirthe stock as the discount rate. Samuelson
(1965) provided a rigorous review of the optionuedion theory and pointed out that an option
may have a different level of risk when comparethva stock, and therefore the discount rate
used by Boness (1964) is incorrect. Samuelson Medon (1969) provided a general
equilibrium formula that depends on the utility éion assumed for a typical investor.

The Black and Scholes (1973) model is often reghefeeither the end or the beginning of the
option valuation history. Using two different appches for the valuation of European style
options, they present a general equilibrium sotutiat is a function of “observable” variables
only, making therefore the model subject to direstpirical tests. Based on the formula of
Thorp and Kassouf (1967) that determines the ratishares of stock to options needed to
construct a hedged position, and recognizing tihares and options can be combined to
construct a riskless portfolio, Black and Schol#87@) developed an analytical model that
provides a no-arbitrage value for options. Anrakive derivation is based upon the capital
asset pricing model that provides a general mefbodiscounting under uncertainty. Merton
(1973) performed a rigorous analysis of the Blackl &choles (1973) model analyzing its
assumptions. The stock price dynamics is described Brownian motion with drift. The
manifest characteristic of the final valuation failenis the parameters it does not depend on.
The option price does not depend on the expectedireate of the stock or the risk preferences
of the investors. It is not assumed that the itoresagree on the expected return rate of the
stock. It is expected that investors may haveeqgdifferent estimates for current and future
returns. However, the option price depends orrigiefree interest rate and on the variance of
the return rate of the stock. A detailed analg$ithe post Black-Scholes models is presented by
Smithson (1992).

Galai (1978) provided the correct discount rate dptions, reconciling the Boness (1964) -

Samuelson (1965) approach with the Black and Sehd@73) formula. The Black and Scholes

(1973) formula is identical with the Boness (19€éd)mula if instead of the return rate of the

stock we use the risk-free interest rate. Howeteais risk-neutral approach may lead to

confusion because it may be inferred that it caprioged that the return rate of the stock equals
the risk-free interest rate (Wilmott et al. 1997).
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Barrier options have become increasingly popular dkie last years (Johnson and Stulz 1987;
Boyle and Turnbull 1989; Benson and Daniel 1991ds$tun 1991; Hudson 1995; Derman and
Kani 1993; Ravindran 1993; Bowie and Carr 1994;tldad Ross 1994; Heynen and Kat 1994a;
Heynen and Kat 1994b; Rich 1994; Schnabel and \@@#;1Broadie and Detemple 1995; Hull
and White 1995; Jarrow and Turnbull 1995; Zhang51%%erber and Shiu 1996). Practitioners
who trade these instruments rely heavily on theemigal solutions provided by McConnell and
Schwartz (1986), Trippi and Chance (1993), Boyld hau (1994), Derman et al. (1994), Kat
and Verdonk (1995), Ritchken (1995), Geman and (1886), Dewynne and Willmott (1997).
For European style options with a single barriealgtical solutions were provided by Merton
(1973), Cox and Rubinstein (1985) and Rubinsteid BReiner (1991). Kunitomo and Ikeda
(1992) provided an analytical solution for optiomgh a double barrier but without taking into
account the stock yield and the rebates correspgridithe barriers.

DETERMINISTIC MODEL

The deterministic model reads as follows:

dd—tS:rS with Sg at t=0

Using the substitutiog = In ( S/S ) we simplify the above model:

ﬂ:r with y=0 at t=0
dt

STOCHASIC MODEL

Suppose that theconstant is the sum of a nominal value and géetsurbation:

r= g U

The fluctuationspt, can be considered as a Gaussian white noiseastiiciprocess, that is with
zero expectation and the stationary autocorreldtioction given by the "Dirac delta function”
multiplied by a constant. This implies that theonstant can change infinitely fast. White noise
is not physically realizable, because no processbange infinitely fast. Nevertheless it is often
employed as a model for random physical systenis.riélated to the Wiener process (Wiener
1921a; Wiener 1921b; Wiener 1923), a continuousarpater Gaussian process with zero
expectation and stationary independent incremeAthough the Wiener process is not
differentiable, it can be shown that formally itsridative is the white noise process (Jazwinski,
1970). The ordinary differential equation f®becomes:

ds = f dt+gdw

where:
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f=usS and g=S
anddw is a Wiener process having its variance is giwen b
E[dwdw] = g% dt

There exist two alternative interpretations of #ive stochastic differential equation, the Ito
and Stratonovich interpretations. The differenaéseshow to compute the stochastic integral
[gdw which appears when we integrate the stochastiereiftial equation. These different
interpretations generally yield different solutiossd there is no mathematical reason to prefer
one interpretation over the other.

Ito interpretation. The stochastic integral in the sense of Ito (198%6; 1951) is defined as
follows:

b : n-1
[ olw.8 dw= T3 gt )] () - Wt )]

wherea =h <t <t .. <} =D isa partition of the intervfla , b ] with

At = max (L - t)
i

and Li.m. stands for "limit in the mean" (Jazwinsk970). When the stochastic differential
equation is interpreted in the Ito sense, the oatehange of the transition probability density
function p is given by the Fokker-Planck (von Snobhlowski 1906; Fokker 1914; Fokker 1917;
Plank 1917) or forward Kolmogorov (1931) equation:

ap_ o p), o> °(g*P)
ot 0S 2 0%

The initial condition selected for the Fokker-Plamgjuation is:

P(S,0) =5(S)

which corresponds to the usual deterministic ihd@ndition. The solution of the Fokker-Planck
equation completely specifies the process deschlgetie stochastic differential equation.

Stratonovich interpretation. The stochastic integral, in the sense of Strataio{d964; 1966),
is defined as follows:
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n-1

b
J oot dw= S M0 T ) ) - )

where we have adopted the same notations as fdtotivgegral.

We observe that Stratonovich uses a "symmetridhidiein of the stochastic integral which can
be related to the Ito definition. The stochastidfedential equation, in the Ito sense,
corresponding to the Stratonovich interpretatiothefsame equation is (Jazwinski, 1970):

2
ds= [f +?g—]dt gdw

Table I lists the results for our particular caske mention that the process dynamics is governed
by 2 parametersi ande. The two interpretationgive similar solutions, byt from the Ito case
should be replaced Ky + 6¢°/2) in order to obtain the Stratonovich solution. There, if this
model is used to fit the market data, both Ito &tchtonovich interpretations give the same
prediction but using slightly different values fibreir 4 parameters. We have no mathematical
reason to make a choice between the Ito and Statdninterpretations. The fact that there are
two interpretations of the white noise that yieMbtdifferent solutions is due to the pathological
nature of the white noise and Wiener processes.

If, instead ofS, we investigate the dynamics gf the Ito and Stratonovich interpretations
become identical. The results are presented ineTiabl

The main result is that the stock price is distouaccording to the lognormal law, and not to
the normal one.

PARAMETERS ESTIMATION

Maximum likelihood estimates. Estimates oft ande can be obtained from the stock prices at
timeso, t, ty, ..., tn . The recorded stock values are denote8(@3 = 3, S(b)= S, ..., S(k) =

Sy and the time intervals between observationst@afe= Atq, to-t; = Aty, ..., -tn.e = Aty . The
likelihood functionL(u,e) is defined as the joint probability density fulctifor the stock price
given the recorded values. We underline that tledadility density function o& givenS.; is a
function of At; but not oft;. The results obtained are listed in Tables Il &#dAs usually, the
Maximum Likelihood Estimate af? is biased, an unbiased one being given by:

N
UZZEJZMLE

Stochastic Modeling of Stock Prices
© Montgomery Investment Technology, Inc. / Sorin R. Straja, Ph.D., FRM
May 1997

Page 5 of 19



We have to underline that the unbiased estimate ©f not the square root of the unbiased
estimate of the variance, but it is given by:

N FC, )
UUnbiasedz\/( 2 ) |31 \/(O'ZUnbiased)
r(5)

This result was derived independently by Pears8ag), Deming and Birge (1934), Treloar
(1935), and Holtzman (1950). Jarrett (1968) presid detailed review.

Linear regression approach. The approach requires transforming the data aswsl

(=)

Zi=% and  x=.A

Performing a linear regression without intercephgs as the dependent variable and x as the
independent one, we recognize; e provided by Stratonovich interpretation as anneste for

the slope parameter awd provided by the Stratonovich interpretation asuhbiased estimate
of the error variance. According to the linear mathkeory, the distribution oft is normal, its
mean given by we and its variance equal #/ty. We mention that the estimate pfis
independent o§” and a 100(k)% confidence interval fqu is given by

(M owe 'talz,N-lm,lLIMLE +ta/2,N-1M)

where tqn is the corresponding critical value of the Studedistribution. Moreover, the
distribution of N 6%w.e /6° is chi-square with(N - 1) degrees of freedom, and a 10@{%
confidence interval fos® is given by:

2

2 2 2
(N oye X aiN-1' N O Ty ' x 1-a2,N-1)

wherea; + a; =a, a1 > 0,0, > 0. Because the distribution @l - 1) 6°Unbiasea/6° is chi-square
with (N - 1) degrees of freedom, a 100¢)% confidence interval fos® is given by

( (N - 1) 0'2Unbiased /)(ZHI’N 1 ,(N - 1) 0'2Unbiased / le-az,N -1 )

MODEL PREDICTIONS

The expected values for stock values for both pnegations are listed in Table I. The
100(1e)% confidence interval is:
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(Soexf( - 0P 12)t- 2y o\t ,Soexd( f- P12t + zp T ])

for the Ito interpretation, and

(SoexH Ht-zap O t], SoexH Ut + zap o ])
for the Stratonovich interpretation. Although thenfidence intervals have different algebraic
expressions, the numerical predictions are idehésalong as the corresponding estimated

values of the parameters are used. For the logaathransformation of the stock prices, both
interpretations give the same expected value dlist@ able 2) and the same confidence interval:

(Ut-zap O Ut + 74 0L)
GEOMETRIC BROWNIAN MOTION WITH A DOUBLE ABSORBING B ARRIER
In order to value double barrier options it mayuseful to consider the trajectories of the stock

prices in the presence of a double absorbing Waffeller 1954). GiverL < & < U, two
supplementary boundary conditions are added t&ok&er-Planck equation f@:

p(L,)=0 ; p(UY=0

Suppose thab(t) follows the geometric Brownian motion in the pmese of a double absorbing
barrier. Then the transition probability densiiypd€tion is:

I o )-(ataning )’
p(SH=o o Y (enl o +
() 2nin(Y) [In(s)-w*)t-zm(“>+2nln(f)12
N T e S S, .
g 20°t

U U
(1) [2In(2 )-2nin(>)
¥ S -y

g

where:

2
() = ,u—? for thelto interpretdion;

(W) =u for the Stratonoichinterpretdion
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This result is an extension of the well-known fotanlby Lévy (1965). The solution
corresponding ty = In (S/S) has been obtained by Bachelier (1901) and, asiomexat above,
is the same for both interpretations:

o Iy ut-2nin()P?
PYD= e S (e b
paniny b ut2in )+2nin( )’
r— Ly exg- So +
0’ Zazt

U U
U[2In(— )-2nIn(—)
+ S Ly

g

The probabilities of extinction due to each absugtharrier are defined as:
dY
gy ()=~ [ P(S.00S
th
d
9, ()=~ [ P(S.S
t{

while the total probability of extinction is therauwf the probabilities of extinction due to each
absorbing barrier (Darling and Siegert 1953). prabability of extinction for each barrier is:

1 /U
ETNEY ;D( L
(n(Y - (9 t-2nin(Y 12

S, L

(expf - 2ot }
g.= Z(—)“’) (n(2)+2ninYy o
- 0"[\/ L L
U...
[In t-2nin(—)]
exp{ -—— L,

20°t

where (1*) is as specified above. The probability of egtian by hitting the upper barrier before
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hitting the lower barrier is:

L 204)

()"

- S
Pu.= | 2
1-(-)“
(U )

where (1*) is as specified above. This result is an extam®f the formula of Darling and
Siegert (1953). The cases when eitbers o orL - 0 reduce to a single absorbing barrier
(Bachelier 1900; Schrodinger 1915; von Smoluchow8ii5; von Smoluchowski 1916).
RISK-NEUTRAL APPROACH

The Black-Scholes (1973) equation for both Ito &t@tonovich interpretations is:

2 2 2
N, oS Da;\g +(r-D)ZBG3l-rw:O
ot 2 0S 0S

whereV is the value of the option,is the risk-free return rate, abdis the yield. This result has
already been proved by Black and Scholes (1973hfoito interpretation. Its demonstration for
the Stratonovich interpretation follows exactly #amne steps.

The same result for the valuation of a Europeale stytion is obtained when:
1. The stock dynamics are described by a geometrivliem model with the drift equal to
the risk-free interest rate;

2. The discount rate is equal to the risk-free ratel; a
3. The Ito interpretation is used.

This risk-neutral (or equivalent martingale) apmto@an be traced back to Arrow (1953). For
derivatives, it was introduced by Cox and Ross §)@hd subsequently developed by Harrison
and Kreps (1979), Harrison and Pliska (1981) anepKr(1982). The results of Rubinstein and
Reiner (1991) and Kunitomo and Ikeda (1992) arentdated based upon such a risk-neutral
approach. A Monte-Carlo simulation designed tineste the value of the options may be based
upon this approach. However, this risk-neutralrapph is valid for option valuation only, and it
should not be used to simulate the stock dynamisspointed out by Wilmott et al. (1997), it is
incorrect to conclude that the return rate of tioelsequals the risk-free interest rate.

CONCLUSIONS

The white noise, although widely used as a modelréfmdom systems, is not physically
realizable because no process can change infinitedy. The fact that there are two

Stochastic Modeling of Stock Prices
__ © Montgomery Investment Technology, Inc. / Sorin R. Straja, Ph.D., FRM

May 1997 Page 9 of 19



interpretations of the white noise that yield twiffestent solutions is due to the pathological

nature of the white noise and Wiener processegeliseno mathematical reason to prefer either
interpretation. When more realistic correlated eaisodels are used, the Ito and Stratonovich
interpretations become identical. As long as a rhbdsed upon the white noise is fitted to the
market values, the two interpretations will providéferent estimates of the parameters, but
identical values concerning the predicted stockgwi
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TABLE |. STOCHASTIC ORDINARY DIFFERENTIAL EQUATION

dS =uS dt + S dw

Ito Interpretation

Stratonovich Interpretation

Fokker- 2 32( a2 2 2 22( 2
Plank %:_ﬂa(ﬂ)+ia (Szp) @:_(ﬂ+£)a(sp)+ia (Szp)
Equation t 0S 2 0s ot 2°0S 2 0sS
Transition TP 2 ) 2
probability exp(- [In(S/So) (,L21 o 2)t] } exp{- [ In(S/SOZ) A }

density 0(St) = 20°t p(St) = 2g°t

function S /27T02t S\J2mr g%t

Moments E[S"] = S,"exp[n ¢ t +n(n-1)( g2 12)t] E[S"] = 5" expln pt+n*(o” 12)t]
Average E[S]=soexp( ut) E[S]=Soexp (1+0°/2)t ]

Variance var[S] = s,2exp( 2 it ) [ exp o2t )-1] Var[S] = s,”exp[ 2(u+ g2 12)t] [ exp( g2t )-1]
Median Median[S]= s, exd( - g2 12)1] Median[SF S, exf( 1)
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TABLE Il. STOCHASTIC ORDINARY DIFFERENTIAL EQUATION
dy = pdt + dw

Ito or Stratonovich Interpretation

Fokke'r-PIank ap ap 02 62 p
Equation E=-,Ua—y+?a—y2

Transition ] )
probability density expi- [yz,UZtt]
function p(yI) _ o

\ 2 gt

Moments /2] n r(m+ 1/2)
fYI- ( ](20% (g yrem L)
n;) 2m Jir
Average Ely] = ut
Variance Varly] = g2t
Median Median[y]= ut
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TABLE Ill. PARAMETERS IDENTIFICATION FOR THE STOCHA STIC ORDINARY DIFFERENTAIL EQUATION

dS =uS dt + S dw

Ito Interpretation Stratonovich Interpretation
[IN(S/Sia-(u-d?/2)A4]° [IN(S/ Sia)-ubti]°
v P 20°0¢ } ot
L(.0)=T1 ' L(u0)= 1 '
i=1 S+ 21T g% At i=1 S\ 2Tg? At
A —| ~LinSuyy A —| - Lin(Suy2
O MLE™ Z ti [ n( ) n(—)] OMLE™ Z ti [ n( ) n(—)]
i |1 N SO i |1 N SO
1 SN 0'2 — 1 SN
== In(=N)+ = p=—In(===)
tn ( So) tn  So
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TABLE IV. PARAMETERS IDENTIFACTION FOR THE STOCHAST
DIFFERENTIAL EQUATION

dy =pdt+ dw

IC ORDINARY

Ito or Stratonovich Interpretation

[Yi-Vii- MDA
exp(- 2(;2At-

H#a)= Dl \2ITg? At

}

oME" Z ti[ yul)'_ZM

i N|1
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