Effect of Time to Exercise Distribution on the Fair Value of Employee
Stock Options

By J. Gregory Vermeychuk, Ph.D., CAIA, FRM

Introduction

In an earlier White Paper” on the valuation of Employee Stock Options (ESOs) we demonstrated that
exercise behavior can have a significant effect on the calculated fair value. Assumptions concerning
exercise behavior are divided into two general categories. The first involves an explicit assumption
regarding the elapsed time between vesting and exercise. The SAB 107 Simplified Method? is an
excellent example. All outstanding vested options are assumed to exercise at a time which is midway
between the vesting date and the expiration date of the options. One may assume that the options are
exercised upon immediately upon vesting, or at some other time. Such assumptions are very convenient
because the well-known, closed-form Black-Scholes-Merton method may be used to calculate the fair
value of the options. Since the BSM method is valid only for European-style options, a fixed time of
exercise allows the valuator to employ the method.

The other category assumes that the holder will exercise the options if and when the value of the
underlying shares exceeds a predetermined threshold. The ratio of the threshold value to the share value
on the award date is called a Suboptimal Exercise Factor. Typically, some form of lattice-based
computational method is used, since the option must be modeled as American-style.

ASC 718° offers guidelines for the use of such assumptions. Depending upon the particular assumption
chosen, the resulting fair value can vary over a wide range. In this article, we examine the first category
of ESO expiration assumptions and comment upon how a particular assumption may be developed to
either represent an issuer’s past experience with similar awards or to produce a fair value which satisfies
a particular objective or objectives of the Finance Committee or Board of Directors.

The Basic Model

To illustrate our basic model, we shall make use of the test case presented in FAS 123R Illustration 4.*
The assumptions and information about the options are as follows:

Stock Price @ Grant Date $30.00 Risk-free Rate over CT 1.5t04.3%
Exercise Price $30.00 Expected Volatility over CT 40 to 60%
Contractual Term 10.0 years Expected Dividend Yield 1.0%
Vesting Term 3.0 years Suboptimal Exercise Factor 2.0

Using a lattice-based computational method with simplifying assumptions of constant volatility (50%)
and constant risk-free rate (2.9%), the fair value can be calculated as $14.69 per unit. This result
corresponds to a European-style option with identical conditions, save for a contractual term of 7.0
years. Using this expected term, the fair value of $14.69 is calculated using the Black-Scholes-Merton
method.

We now consider the effect of expected term upon the fair value of the option as envisioned in
Illustration 4. Exhibit 1, Base Case, presents the call option used in FAS 123R Illustration 4, with a
risk-free interest rate of 2.9% and an expected volatility of 50%. The result with a suboptimal exercise
factor of 2.0 corresponds exactly to an effective term of 7.0 years. Exhibit 2, Sensitivity, presents the
fair value of the call option in Illustration 4 over expected terms from 3.00 to 10.00 years at various
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volatilities from 20% to 80%. The Black-Scholes-Merton method was used to calculate the fair values.
Note that fair value is a monotonically increasing function of both term and volatility. For a volatility of
50%, the fair value of the option varies from $10.31 at three years (exercise immediately upon vesting)
to $16.58 if the option is exercised on the date of expiration. To value an option of this kind, the
expected term must be specified as an input variable.

In a real-world situation, recipients of employee stock options will exercise them at different times for a
variety of different reasons. Some recipients will forfeit their options due to a change of employment.
Still others may simply neglect to exercise options and let them expire. The assumption of an expected
term or a suboptimal exercise factor is a crude approximation of this behavior. In an effort to estimate
the fair value of the employee stock option more accurately, one may take the approach that the exercise
behavior for a given award will be similar to the exercise behavior for a previous award by the same
company. If a company keeps detailed records of the disposition of its employee stock options, a
specific technique maybe employed.

This technique may be called “Black-Scholes with Term Structure to Exercise.” Rather than selecting a
single “average” or “implied” term to exercise, a frequency distribution is constructed from historical
data. When normalized by the total number of options issued, each entry in the distribution corresponds
to the probability of exercise during the corresponding time period. Once this is available, the fair value
vs. time to exercise function is created by using the Black-Scholes-Merton equation at various
hypothetical times to expiration. Although a constant volatility and risk-free rate may be used for this
part of the calculation, if term structure data for interest rate and/or volatility are available, they may be
used. Exhibit 3, entitled Variable Interest Rate, presents series of fair values as functions of time to
expiration for different volatilities. The risk-free rate corresponding to each time to expiration is the US
Treasury coupon strip rate for the specific tenor matching the expiration time. For each value of the
volatility, there is a unique fair value corresponding to a given time to expiration from three to ten years,
by quarter. It is also possible to construct the series by month or by any other convenient time interval.

To calculate the estimated fair value given a known frequency distribution of exercise, simply calculate
the weighted average of fair values over the range of times to expiration. The weighting factor for each
time to expiration will be the probability of exercise for each specific time. This approach is a
generalization of the implied time to exercise or the SAB 107 Simplified Method. Exhibit 4, Variable
Time to Exercise, presents the resulting fair value for a number of different time-to-exercise
distributions. In this example, both the volatility and the risk-free rate are treated as constant. Examples
A through L correspond to different assumptions of exercise behavior. All of these examples are
characterized by a zero forfeiture rate. Forfeiture may be accounted for in a straightforward manner;
however, in such cases the sum of the probabilities of exercise over the entire contractual period would
be less than one.

Exercise Behavior Examples

Here we briefly review the various exercise distributions used to calculate fair values using the Black-
Scholes with Term Structure to Exercise method as presented in Exhibit 4:

A: 100% of options exercised immediately upon vesting at 3.00 years. FV = 10.31. Immediate
exercise would be favored by recipients who prefer to convert their award to cash in order to
diversify their financial holdings.

B: SAB 107 Simplified Method. FV = 14.29. All options exercised at the midpoint between the
vesting date and the expiration date, or at 6.50 years. This is a common simplifying assumption
which is used in the absence of other data.
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C: All options exercised upon expiration, or at 10.00 years. FV = 16.58. This is the theoretical
maximum value for the call option using the given conditions. This case represents “optimal
exercise.”

D: 50% of options exercised upon vesting, 50% exercised at expiration. FV = 13.45. This case
represents a “midpoint” between cases A and C.

E: Uniform rate of exercise over the entire post-vesting period. FV = 14.00. This assumption
implies that a recipient is equally likely to exercise at any time after vesting.

F: Uniform rate of exercise following a one-year post-vest holding period. FV = 14.50. The post-
vest holding period increases fair value.

G: Linear increase in the probability of exercise with time. FV = 15.09. From a starting point of zero
exercise in the first quarter, all options are exercised in the remaining time to expiration with a
linear increase in rate.

H: Linear decrease in the probability of exercise over time. FV = 12.91. This is the opposite of case
G. The preponderance of exercises at shorter terms causes a decrease in fair value.

I: Term to exercise set to seven years. FV = 14.69. This case is illustrative of the assumption of
exercise set to a single value of time.

J: Triangular distribution of probability to exercise. Mode = 6.50. Max = 10.00. Min = 3.00. FV =
14.16. This is one of a class of assumptions of a unimodal distribution of time to exercise around
a specific point in time.

K: Normal distribution of probability of exercise. Mean of 6.5, standard deviation of 1.0. FV =
14.33. This is another example of a unimodal distribution around a specific point in time.

L: Beta distribution; alpha =0.75, beta = 0.50. FV = 14.62. The beta distribution is a generalized
two-parameter distribution with a finite domain. The distribution may take on a variety of forms.
This particular example has a local minimum at approximately 5.5 years.

Conclusion

This exercise shows the wide range of fair values which may be realized by varying the assumptions
related to time-based exercise behavior. Of course, all assumptions may not be realistic, depending upon
the particular circumstances. If historical data on exercise behavior are available, the modified Black-
Scholes method described here provides a convenient vehicle to incorporate these data into the valuation
of an employee stock option.

December 2015

! http://www.fintools.com/resources/white-papers/

2 https://www.sec.gov/interps/account/sab107.pdf

® Financial Accounting Standards Board, Topic 718, as updated January 2010, No. 2010-05

* Financial Accounting Standards Board, Financial Accounting Series No. 263-C, December 2004
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Please Contact Us

We invite you to explore the resources on our website and to read our staff biographies. These resources
include our Best Practice Series, Working Papers, White Papers, and Publications. This material is
augmented by a set of Online Calculators which illustrates the range of analytical techniques we can
bring to bear upon your individual problems. Should you have specific questions regarding any issue
related to equity compensation, valuation of complex instruments, or any other subject in our scope of
expertise, we invite you to either email or telephone us to arrange an appointment with a member of our
staff.

Montgomery Investment Technology provides analytical tools which assist in fair and independent
valuation and financial reporting. We are industry leaders in the valuation of options and derivative
securities, and provide state-of-the-art software applications, consulting services, and training seminars
to Fortune 100 firms, IPO companies, accounting professionals, derivatives traders, consultants, banks
and other investment and financial practitioners.

Montgomery Investment Technology, Inc.
200 Federal Street, Suite 245
Camden, NJ 08103

Phone: 610-688-8111
Fax: 610-688-5084

Web: www.fintools.com
Email: miti@fintools.com
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Exhibit 1

Black-Scholes-Merton Model with Exercise Term Structure
Based on FAS 123R lllustration 4

Inputs:

Stock Price 30.00

Exercise Price 30.00

Value Date 1/1/2004
Vesting Date 1/1/2007
Contractual Term 10 years
Expected Term 7 years
Expected Volatility 50.00%
Interest Rate 2.900%
Dividend Yield 1.000%

Fair Value: 14.69

|
MITI White Paper — Time to Exercise Distribution ©Montgomery Investment Technology, Inc. Page 5



Exhibit 2

Black-Scholes-Merton Model with Exercise Term Structure
Based on FAS 123R lllustration 4

Inputs:

Stock Price 30.00

Exercise Price 30.00

Value Date 1/1/2004
Vesting Date 1/1/2007
Contractual Term 10 years
Expected Term Variable
Expected Volatility Variable
Interest Rate 2.900%
Dividend Yield 1.000%

Fair Value: Term vs Volatility

Volatility

20% 30% 40% 50% 60% 10% 80%

3.00 4.75 6.64 8.50 10.31 12.05 13.72 15.30
3.25 4.96 6.91 8.83 10.69 12.48 14.18 15.79
3.50 5.16 7.17 9.14 11.05 12.88 14.61 16.24
3.75 5.35 7.42 9.44 11.39 13.26 15.02 16.67
4.00 5.53 7.65 9.72 11.72 13.61 15.40 17.07
4.25 5.71 7.88 10.00 12.03 13.96 15.77 17.45
4.50 5.89 8.10 10.26 12.32 14.28 16.11 17.80
4.75 6.06 8.31 10.51 12.61 14.59 16.43 18.13
5.00 6.22 8.52 10.75 12.88 14.88 16.74 18.45
5.25 6.38 8.72 10.98 13.14 15.16 17.03 18.74
5.50 6.53 8.91 11.21 13.39 15.43 17.31 19.02
5.75 6.68 9.09 11.42 13.63 15.68 17.57 19.28
6.00 6.83 9.27 11.63 13.86 15.93 17.82 19.53
Expected 6.25 6.97 9.45 11.83 14.08 16.16 18.06 19.76
Term (y) 6.50 7.11 9.62 12.03 14.29 16.39 18.29 19.98
6.75 7.25 9.78 12.21 14.50 16.60 18.50 20.19
7.00 7.38 9.94 12.40 14.69 16.80 18.71 20.39
7.25 7.51 10.10 12.57 14.88 17.00 18.90 20.58
7.50 7.64 10.25 12.74 15.07 17.19 19.09 20.76
7.75 7.76 10.40 12.91 15.25 17.37 19.27 20.92
8.00 7.88 10.54 13.07 15.42 17.54 19.44 21.08
8.25 8.00 10.68 13.22 15.58 17.71 19.60 21.23
8.50 8.12 10.81 13.37 15.74 17.87 19.75 21.37
8.75 8.23 10.95 13.52 15.89 18.03 19.90 21.51
9.00 8.34 11.08 13.66 16.04 18.17 20.04 21.63
9.25 8.45 11.20 13.80 16.18 18.31 20.17 21.75
9.50 8.56 11.32 13.93 16.32 18.45 20.30 21.87
9.75 8.67 11.44 14.06 16.46 18.58 20.42 21.97
10.00 8.77 11.56 14.19 16.58 18.71 20.53 22.07
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Exhibit 3

Black-Scholes-Merton Model with Exercise Term Structure
Based on FAS 123R lllustration 4
Risk-Free Rate Corresponding to Expected Term

Inputs:

Stock Price 30.00

Exercise Price 30.00

Value Date 1/1/2012

Vesting Date 1/1/2015

Contractual Term 10 years

Expected Term Variable

Expected Volatility Variable

Interest Rate Term Structure US Treasury Zero-Coupon
Dividend Yield 1.000%

Fair Value: Term vs Volatility w/ Variable Interest Rates

Volatility

Interest Rate 20% 30% 40% 50% 60% 70% 80%

3.00 1.1614% 4.06 6.02 7.94 9.80 11.59 13.30 14.93
3.25 1.2344% 4.25 6.28 8.26 10.17 12.01 13.76 15.42
3.50 1.3417% 4.45 6.54 8.57 10.54 12.42 14.21 15.89
3.75 1.4193% 4.63 6.78 8.87 10.88 12.80 14.62 16.32
4.00 1.4729% 4.80 7.01 9.15 11.21 13.16 15.01 16.73
4.25 1.5556% 4.98 7.24 9.43 11.53 13.52 15.38 17.11
4.50 1.6170% 5.15 7.46 9.69 11.83 13.85 15.73 17.48
4.75 1.6781% 5.32 7.68 9.95 12.12 14.16 16.07 17.82
5.00 1.7189%% 5.48 7.88 10.19 12.39 14.46 16.38 18.14
5.25 1.7845% 5.65 8.09 10.44 12.66 14.75 16.68 18.44
5.50 1.8315% 5.81 8.28 10.67 12.92 15.03 16.97 18.73
5.75 1.8770% 5.96 8.48 10.89 13.17 15.29 17.24 19.00
6.00 1.9097% 6.10 8.66 11.10 13.40 15.54 17.50 19.26
Expected 6.25 1.9602% 6.26 8.84 11.32 13.64 15.79 17.75 19.51
Term (y) 6.50 1.9972% 6.41 9.02 11.52 13.86 16.02 17.99 19.74
6.75 2.0349% 6.55 9.19 11.72 14.08 16.25 18.21 19.96
7.00 2.0597% 6.68 9.36 11.90 14.28 16.46 18.42 20.16
7.25 2.1365% 6.86 9.55 12.11 14.50 16.68 18.64 20.37
7.50 2.1018% 6.94 9.66 12.25 14.66 16.85 18.82 20.54
7.75 2.1802% 7.11 9.86 12.46 14.87 17.07 19.02 20.73
8.00 2.2460% 7.28 10.04 12.65 15.07 17.26 19.21 20.90
8.25 2.2231% 7.36 10.15 12.79 15.22 17.42 19.36 21.05
8.50 2.2326% 7.47 10.28 12.94 15.38 17.58 19.52 21.19
8.75 2.2751% 7.61 10.44 13.11 15.55 17.75 19.68 21.34
9.00 2.2968% 7.73 10.58 13.26 15.71 17.91 19.83 21.47
9.25 2.3318% 7.86 10.72 13.41 15.87 18.06 19.97 21.60
9.50 2.3439% 7.97 10.85 13.55 16.01 18.20 20.10 21.72
9.75 2.3897% 8.11 11.00 13.71 16.17 18.35 20.24 21.84
10.00 2.3940% 8.21 11.12 13.83 16.30 18.48 20.36 21.94
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Exhibit 4

Black-Scholes-Merton Model with Exercise Term Structure
Based on FAS 123R lllustration 4

Inputs: Distribution Distribution
Stock Price 30.00 Case Fair Value Description o=
Exercise Price 30.00 A 10.31 Immediate exercise
Value Date 1/1/2004 B 1429 SAB107Simplified Method B=
Vesting Date 1/1/2007 C 16.58 Exercise upon expiration
Contractual Term 10 years D 13.45 50/50 Immediate exercise, exercise on expiration
Expected Term Variable E 14.00 Uniform Exercise over post vesting period
Expected Volatility 50.000% F 14.50 Uniform Exercise with 1year Post Vest Holding Period
Interest Rate 2.900% G 15.09 Linear Increase in probability of exercise with time.
Dividend Yield 1.000% H 12.91 Linear Decrease in probability of exercise with time.
1 14.69 Implied Term to Exercise of 7.00 Years
J 14.16  Triangular Distribution: Mode =6.50, Lo = 3.00, Hi = 10.00
K 14.33 Normal Distribution: p=6.50 ¢ =1.00
L 14.62 Beta Distribution
Distribution of Term to Exercise - Probability vs. Time
BSM Value A B C D E F G H | J K L
3.00 10.31 1.0000 0.0000 0.0000 0.5000 0.0345 0.0000 0.0000 0.0690 0.0000 0.0000 0.0002 0.0000
3.25 10.69 0.0000 0.0000 0.0000 0.0000 0.0345 0.0000 0.0025 0.0665 0.0000 0.0051 0.0003 0.0461
3.50 11.05 0.0000 0.0000 0.0000 0.0000 0.0345 0.0000 0.0049 0.0640 0.0000 0.0102 0.0008 0.0320
3.75 11.39 0.0000 0.0000 0.0000 0.0000 0.0345 0.0000 0.0074 0.0616 0.0000 0.0153 0.0016 0.0286
4.00 11.72 0.0000 0.0000 0.0000 0.0000 0.0345 0.0400 0.0099 0.0591 0.0000 0.0204 0.0032 0.0268
4.25 12.03 0.0000 0.0000 0.0000 0.0000 0.0345 0.0400 0.0123 0.0567 0.0000 0.0255 0.0060 0.0257
4.50 12.32 0.0000 0.0000 0.0000 0.0000 0.0345 0.0400 0.0148 0.0542 0.0000 0.0306 0.0105 0.0250
4.75 12.61 0.0000 0.0000 0.0000 0.0000 0.0345 0.0400 0.0172 0.0517 0.0000 0.0357 0.0173 0.0245
5.00 12.88 0.0000 0.0000 0.0000 0.0000 0.0345 0.0400 0.0197 0.0493 0.0000 0.0408 0.0267 0.0242
5.25 13.14 0.0000 0.0000 0.0000 0.0000 0.0345 0.0400 0.0222 0.0468 0.0000 0.0459 0.0388 0.0241
5.50 13.39 0.0000 0.0000 0.0000 0.0000 0.0345 0.0400 0.0246 0.0443 0.0000 0.0510 0.0530 0.0240
5.75 13.63 0.0000 0.0000 0.0000 0.0000 0.0345 0.0400 0.0271 0.0419 0.0000 0.0561 0.0680 0.0241
6.00 13.86 0.0000 0.0000 0.0000 0.0000 0.0345 0.0400 0.029 0.0394 0.0000 0.0612 0.0819 0.0243
Expected 6.25 14.08 0.0000 0.0000 0.0000 0.0000 0.0345 0.0400 0.0320 0.0369 0.0000 0.0663 0.0928 0.0245
Term (y) 6.50 14.29 0.0000 1.0000 0.0000 0.0000 0.0345 0.0400 0.0345 0.0345 0.0000 0.0714 0.0987 0.0249
6.75 14.50 0.0000 0.0000 0.0000 0.0000 0.0345 0.0400 0.0369 0.0320 0.0000 0.0663 0.0987 0.0253
7.00 14.69 0.0000 0.0000 0.0000 0.0000 0.0345 0.0400 0.0394 0.0296 1.0000 0.0612 0.0928 0.0259
7.25 14.88 0.0000 0.0000 0.0000 0.0000 0.0345 0.0400 0.0419 0.0271 0.0000 0.0561 0.0819 0.0265
7.50 15.07 0.0000 0.0000 0.0000 0.0000 0.0345 0.0400 0.0443 0.0246 0.0000 0.0510 0.0680 0.0274
7.75 15.25 0.0000 0.0000 0.0000 0.0000 0.0345 0.0400 0.0468 0.0222 0.0000 0.0459 0.0530 0.0284
8.00 15.42 0.0000 0.0000 0.0000 0.0000 0.0345 0.0400 0.0493 0.0197 0.0000 0.0408 0.0388 0.029
8.25 15.58 0.0000 0.0000 0.0000 0.0000 0.0345 0.0400 0.0517 0.0172 0.0000 0.0357 0.0267 0.0311
8.50 15.74 0.0000 0.0000 0.0000 0.0000 0.0345 0.0400 0.0542 0.0148 0.0000 0.0306 0.0173 0.0331
8.75 15.89 0.0000 0.0000 0.0000 0.0000 0.0345 0.0400 0.0567 0.0123 0.0000 0.0255 0.0105 0.0356
9.00 16.04 0.0000 0.0000 0.0000 0.0000 0.0345 0.0400 0.0591 0.0099 0.0000 0.0204 0.0060 0.0389
9.25 16.18 0.0000 0.0000 0.0000 0.0000 0.0345 0.0400 0.0616 0.0074 0.0000 0.0153 0.0032 0.0437
9.50 16.32 0.0000 0.0000 0.0000 0.0000 0.0345 0.0400 0.0640 0.0049 0.0000 0.0102 0.0016 0.0513
9.75 16.46 0.0000 0.0000 0.0000 0.0000 0.0345 0.0400 0.0665 0.0025 0.0000 0.0051 0.0008 0.0662
10.00 16.58 0.0000 0.0000 1.0000 0.5000 0.0345 0.0400 0.0690 0.0000 0.0000 0.0000 0.0006 0.1582
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
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